We combine measurements of the longitudinal (ρxx) and Hall (ρxy) resistivities of disordered two-dimensional amorphous indium-oxide films to study the magnetic-field tuned superconductor to insulator transition in the T → 0 limit. We find the transition exhibits signatures of self-duality, and separates the superconducting state from a "Hall-insulator" phase. A higher characteristic magnetic field at which the Hall resistance is T independent marks a crossover to a Fermi-insulator, at which point ρxy reaches the normal-state value of H/nec. [7] , and TiN [8] . While initially this transition was analyzed on the basis of the widely accepted premise that in the zero temperature limit and in the presence of disorder, a twodimensional electron gas system (2DEG) can exhibit only superconducting or insulating phases, and in magnetic field also quantum Hall liquid phases, it is now recognized that this paradigm needs to be reconsidered. Subject to the caveat that zero-temperature phases are inferred from experiments that are done at finite temperatures, analyses of available data suggest several possible zero temperature nonsuperconducting phases.
The magnetic-field tuned superconductor to insulator transition (SIT) has been studied in a variety of amorphous 2D systems including amorphous indium oxide (InO x ) [1] [2] [3] [4] , MoGe [5] , bismuth [6] , beryllium [7] , and TiN [8] . While initially this transition was analyzed on the basis of the widely accepted premise that in the zero temperature limit and in the presence of disorder, a twodimensional electron gas system (2DEG) can exhibit only superconducting or insulating phases, and in magnetic field also quantum Hall liquid phases, it is now recognized that this paradigm needs to be reconsidered. Subject to the caveat that zero-temperature phases are inferred from experiments that are done at finite temperatures, analyses of available data suggest several possible zero temperature nonsuperconducting phases.
For films that superconduct in the absence of an applied magnetic field, two distinct classes of behavior were identified by Steiner et al. [9] when magnetic field is applied: In "weakly disordered" films (with normal state resistivity small compared to the quantum of resistance, ρ N h/e 2 ), the superconducting state gives way to an anomalous metallic phase with a resistivity that extrapolates to a non-zero value, 0 < ρ 0 (H) ρ N , as T → 0; this "superconductor to metal" transition occurs at a magnetic field small compared to the meanfield H c2 [10] [11] [12] [13] [14] . On the other hand, for "highly disordered" superconducting films with ρ N ∼ h/e 2 , a direct SIT occurs at H c . In these films, collapse of the data has been achieved using a scaling function of the form ρ xx = ρ c F(X) where X = (H − H c )/T 1/zν H with ν H z ≈ 2.5 (see Fig. 2 ), and where the critical resistance appears to be universal (within experimental uncertainty) and equal to the "Cooper-pair quantum of resistance," ρ c = h/(2e) 2 ≈ 6.45 kΩ [15] . An analogous behavior has been observed [16, 17] at various quantum Hall to insulator transitions (QHIT) in 2DEG systems. In fact, a formal mapping between the two problems yields an analogy between the SIT and the QHIT [18] . As has been emphasized previously by us and others [18] , it is striking that a scaling collapse of data from both the integer (ν = 2) and the fractional (ν = 1/3) quantum Hall to insulator transitions produce scaling curves that look extremely similar to those from the magnetic-field tuned SIT in highly disordered films with the same value of the critical exponent zν H ≈ 2.5, with a different (but analagous) universal critical value of the longitudinal resistance: ρ c = h/e 2 [19] . It is also important to note that the insulating phase proximate to the QHIT transition is an unconventional "Hall insulator" in the sense that while ρ xx → ∞ as T → 0, ρ xy approaches a finite field-dependent value. [20, 21] It is the principal purpose of the present paper to probe further aspects of the analogy between the two problems with the aim of shedding new light on the nature of the phases on both sides of the magnetic-field tuned SIT. Specifically, we analyze Hall resistance data on highly disordered films of InO x , and demonstrate a "self-duality" at the SIT [22] accompanied by the occurrence of a "Hall Insulator" phase [18] above the SIT. In common with earlier measurements on disordered InO x films [23] , we observe a crossing at H = H * c > H c of the isotherms of the Hall resistance as a function of magnetic field, and associate H * c with a transition (crossover) from the "Hall Insulator" phase to a "normal insulating phase." We further demonstrate that this transition (crossover) occurs at the point at which ρ xy attains its "canonical value" for a single-band metallic sample of ρ * xy = H/nec (n is the electron density and c is the speed of light.)While evidence of a duality symmetry near the magnetic-field-driven SIT in InO x has been reported earlier [23, 24] , measurements of the full conductivity tensor in the present work permit us to draw new inferences concerning self-duality, the existence of a Hall insulator phase, and to more unambiguously identify a field which delineates a crossover to "Fermi physics."
Experimental Results - 
H c * measured in our laboratory up to 14 T, while sample 2 was also measured up to 32 T. We study samples that, while still classified as strongly disordered, exhibit only a moderate magnetoresistance peak at accessible temperatures, which in turn allows for accurate measurement of Hall resistance with minimal longitudinal component contamination. All samples measured have normal state resistances comparable to h/e 2 , show critical resistance at the SIT within 10% of the quantum of resistance, h/4e 2 [15] , and exhibit scaling with exponent zν H ≈ 2.5. An example of the scaling analysis is shown in Fig. 2 for sample 1, where the crossing isotherms down to the lowest temperature exhibit zν H = 2.4±0.2 and crossing constant electric field curves, which satisfy the scaling ansatz [5] 
The electric field scaling is performed at T = 200mK, which is low enough to observe quantum critical behavior, but high enough to avoid electron-phonon heating [26] .
There are several important features that are observed in Fig. 1 . First, in addition to the hallmark crossing point of ρ xx at (H c , ρ c ) marking the SIT, we also observe at higher fields a crossing point of ρ xy at (H * c , ρ * xy ). H * c appears to roughly coincide with the field at which the longitudinal magnetoresistance peaks, suggesting that it is associated with a transition from Bose-dominated to Fermi-dominated behavior. While for H c < H < H * c , ρ xy is a decreasing function of decreasing T , this dependence becomes increasingly weak the smaller T , suggesting that ρ xy approaches a finite value as T → 0. Fig. 3 is the most striking plot we present in this paper. We emphasize that the same plot has been reproduced for four different samples. Calculating σ xy = −ρ xy / ρ 2 xx + ρ 2 xy , we show in that figure linear extrapolations to ρ xy (T = 0, H), and σ xy (T = 0, H). Concentrating on the vicinity of the SIT, we clearly see that the insulating phase proximate to the SIT (region-II in the figure) exhibits σ xx → 0, σ xy → 0 and ρ xx → ∞ (from Fig. 1 ), as T → 0, but ρ xy (T, H) approaches a finite limit, ρ xy (H) -all hallmarks of a "Hall Insulator" phase [18] . Similarly, in the superconducting phase below SIT we observe ρ xx → 0 and ρ xy → 0, but σ xy (T, H) approaches a finite limit, σ xy (H). These two features suggest self-duality at the SIT [25] . Going beyond the vicinity of the SIT, there appears to be a second critical (or crossover) field H * c > H c at which a transition to a "regular insulator" occurs, such that for H > H * c , ρ xy ( as well as ρ xx ) appear to grow as T → 0. While the T dependence of ρ xx clearly suggests that it diverges as T → 0, the much weaker T dependence of ρ xy , and our limited temperature range, make it less clear whether for H > H * c it diverges or is simply extrapolates to its classical value, H/nec. We will further elaborate on this point below. Finally, at the low field edge of the Hall insulating regime, ρ xy (H) → 0 as H → H + c , but it grows monotonically with increasing H, approaching its classical value at the high field boundary of the regime.
The nature of the phases on both sides of the SIT is reflected in the temperature dependence of the full resistivity tensor. In the insulating phase, ρ xx grows rapidly as a function of 1/T ; over the limited range of temperatures we have accessed, this dependence can be fit equally well by an activated behavior or various forms of variable range hopping, ρ xx ∼ exp[(T 0 /T ) δ ] with δ = 1, 1/2, or 1/3 [4] . However, it is not readily fit to any low order power law, nor do we find any evidence of the super-Arrhenius behavior that has been reported in some systems [27, 28] . T 0 as a function of H grows continuously from T 0 = 0 at H = H c to a maximal value at around H = H * c . If we adopt the simple Arrhenius fit (δ = 1) we find that T 0 (H * c ) = 0.2 ± 0.1K for sample 1 and T 0 (H * c ) = 0.5 ± 0.1K for sample 2. In both cases, the fact that T 0 is comparable to the zero field transition temperature, T c , is highly suggestive that superconducting pairing remains significant even in the Hall insulating regime. In this same range of fields, deviations of ρ xy from its zero temperature extrapolated value appear to grow sub linearly with increasing T .
Finally, the non-monotonic field dependence of ρ xx reflected in the pronounced maximum at a field H ∼ H * c is, at an intuitive level, associated with a crossover between 1) a Bose-insulating or quantum vortex fluid regime for H < H * c , where substantial superconducting pairing persists but with long-range superconducting coherence destroyed by quantum phase fluctuations and 2) a high field Fermi fluid at H H * c in which pairing is negligible. In that regime, the electron-quasiparticles of the high field insulator are likely to be less strongly localized [29] [30] [31] than the Cooper pairs of the lower field insulator for H slightly above H c .
Theoretical Considerations -The quantum fluctuations of the superconducting order parameter are what ultimately drive the transition from the superconducting state; the long-distance properties of these fluctuations are described by a complex (bosonic) scalar field which loosely speaking represents the Cooper pairs. A dual description of the same degrees of freedom can be given in terms of vortex variables [32] . In the superconducting phase, the vortices are localized and the Cooper pairs are condensed, while in an insulating phase, the vortices are condensed and the Cooper pairs are localized [22] . A similar situation pertains to the quantum Hall to insulator transition (QHIT) in the context of the composite boson formulation of the problem: Here, the quantized Hall plateau phase in which σ xx = 0 and σ xy = e 2 ν * /h with ν * = 1 or 1/3 or etc., corresponds to the condensed phase of the appropriate form of composite bosons. Deep in this phase, isolated vortices are identified as (possibly fractionally charged) localized quasi-holes. Conversely, the insulating phase corresponds to a vortex condensate. Thus, the QHIT is equivalent to a SIT transition of the composite bosons, albeit with the major difference that the composite bosons are coupled to an emergent ChernSimons gauge field which plays no obvious role in the SIT in films.
A key feature of the particle-vortex duality near the SIT is that the (physical) conductivity tensor σ is related to the vortex-resistivity tensor ρ v according to
(A similar relation in the quantum Hall context involves an additive contribution associated with the ChernSimons gauge field.) While there is currently no justification that we understand for assuming that there is an emergent self-duality at the point of the SIT, if there were it would imply that [σ c ] 2 = (4e 2 /h) 2 , or in other words that σ xy (H c ) = 0, ρ xy (H c ) = 0, and
The observation that this relation is satisfied within remarkably tight error bars wherever a direct SIT is observed (as demonstrated in Fig. 3,) and that the analogous relations are satisfied at the corresponding transition points in a number of quantum Hall experiments, is strong evidence that the critical theory is self-dual. Applying the analysis of Ref. 18 for the QHIT, we note that if the quantum critical point is self-dual, and σ v xy is a continuous function of magnetic field, one arrives at the conclusion that the insulating phase proximate to the SIT will exhibit a finite ρ xy that rises continuously as a function of increasing H for (H − H c ) > 0. The same line of argumentation implies that σ xy should approach a finite value as T → 0 in the superconducting phase, and that this value increases in magnitude continuously from 0 with decreasing H < H c in a way that mirrors the behavior of −ρ xy in the insulating phase. Both these properties are observed in our InO x films near the SIT.
There have been several attempts to derive the properties of the Hall Insulator directly. It was shown [33] for a wide variety of disordered insulators (including an Anderson insulator), that in the non-canonical order of limits, first T → 0 and then ω → 0, that ρ xy ∼ H/nec. However, in experiments, the resistivity is measured in the zero frequency limit at finite T and then the results are extrapolated to the T → 0 limit. Indeed, it has been shown that for variable range hopping in a conventional Anderson insulator, ρ xy → ∞ as T → 0, although this divergence is much slower than the divergence of ρ xx [34] . A more promising approach to this problem derives from an analysis by Vinokur et al. [35] of the quenching of vortex motion as T → 0 in the superconducting phase. They found that as σ v xx → 0, the corresponding vortex Hall conductance vanishes as
where α is a T independent constant, which implies that
Thus, their analysis, if confirmed, establishes the dual of the Hall insulator; as these authors already pointed out at the time, the obvious duality transformation maps this behavior for H < H c to Hall insulating behavior for H > H c .
Phase Diagram -The above analysis focuses on the role of collective order parameter (Cooper pair) fluctuations and neglects the effects of gapless quasiparticles. Because of the large concentration of field induced vortices, there are (almost certainly) gapless quasiparticle degrees of freedom in the neighborhood of the SIT which could play a significant role in the quantum dynamics [36] . Such quasiparticles are thought to play a key role in the anomalous metallic phase in weakly disordered films [11, 37, 38] . At the very least, the strong positive magnetoresistance of the insulating phase close to H c (which gives way to much weaker magnetoresistance at much higher fields), demonstrates that substantial pairing persists for a substantial range of fields on either side of H c . It is thus plausible that the effects of gapless quasiparticles may be relatively small, especially when considering the vicinity of the SIT, where the Hall insulator phase emerges.
To summarize our results, we present the speculative phase diagram displayed in Fig. 4 . Here we exhibit the various regimes in the T − H plane together with the T → 0 tendencies of ρ xx and ρ xy . Our data suggests that for H c < H < H * c , a Hall-insulator phase emerges as is indicated with the solid line representing the behavior of ρ xy (labeled "i "). However, there is some uncertainty in the extrapolation T → 0; it appears less likely but possible that ρ xy → 0 for H c < H < H * c , in which case this phase (labeled "ii") could be classified as a form of "quantized Hall insulator" [39, 40] with ρ xy ≡ 0. For H * c < H, both ρ xx and ρ xy increase (likely diverging) as T → 0 as expected for a fermion-dominated insulator.
Conclusions -We have shown that when the Hall effect can be measured near the magnetic field driven SIT: 1) the resistivity tensor at criticality approaches the universal value expected at a point of vortex-particle selfduality, 2) the critical exponents ν H and z appear to be the same as those observed at both the integer and fractional QHIT, 3) the insulating phase proximate to the SIT appears to be a Hall insulator in which ρ xx → ∞ and ρ xy is finite as T → 0, and with increasing field ρ xy approaches a value of ∼ H/nec.
We note that our data is consistent with the existence of a second quantum phase transition at H = H * c , which gives a natural explanation for the sharp change in behavior of ρ xy , which would imply that the Hall insulator should be taken to be a distinct quantum phase of matter. However, at this point we cannot discard a hitherto undetected crossover that would occur at lower temperatures than we have accessed to a conventional insulating phase below which ρ xy would begin to grow [41] .
